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Intersecting Storage Rings-CERN,            1971–1984

Proton-Antiproton Collider(SPS)-CERN,   1981–1991

Tevatron-Fermilab,                                    1987–2011

Relativistic Heavy Ion Collider-BNL,          2000–...

Large Hadron Collider-CERN,                   2009–...

Hadronic Collider Experiments 
1

P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)



Relativistic Elastic Scattering
2
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Coulomb Nucleareffective

Coulomb phase
L.D. Solov’ev, JETP 22, 205 (1966) 26;
H. Bethe, Ann. Phys. (N.Y.) 3, 190 (1958) 27;
G.B. West, D.R. Yennie, Phys. Rev. 172(5), 1413 (1968);
V. Kundr�at and M. Lokaj��cek, Phys. Lett. B 611 (2005) 102 ; 
R. Cahn, Z. Phys. C 15 (1982) 253.



Assumptions

Analytic nuclear amplitude

Singularities have a physical meaning

Crossing symmetric amplitudes 

Unitarity of S matrix     

Optical theorem

Froissart theorem/bound    

Pomeranchuck theorem

𝜎𝜎𝑇𝑇 =
1

2 𝑝𝑝 𝑠𝑠
Im𝐴𝐴 𝑠𝑠, 𝑡𝑡

𝜎𝜎𝑇𝑇 𝑠𝑠 ≤ 𝐶𝐶 log2
𝑠𝑠
𝑠𝑠0

𝑠𝑠𝑠𝑠† = 1

𝜎𝜎𝑇𝑇
𝑝𝑝𝑝𝑝 𝑠𝑠

𝜎𝜎𝑇𝑇
𝑝𝑝𝑝̅𝑝 𝑠𝑠

→ 1 𝑠𝑠 → ∞

𝐴𝐴 𝑠𝑠, 𝑡𝑡,𝑢𝑢

𝐴𝐴𝑝𝑝𝑝𝑝 𝑠𝑠, 𝑡𝑡,𝑢𝑢 = 𝐴𝐴𝑝𝑝𝑝̅𝑝 𝑢𝑢, 𝑡𝑡, 𝑠𝑠

Mandelstam plane

Theorems

𝑠𝑠 → ∞
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Regge Theory

𝐴𝐴 𝑠𝑠, 𝑡𝑡 = �
𝑙𝑙=0

∞

2𝑙𝑙 + 1 𝑓𝑓𝑙𝑙 𝑠𝑠 𝑃𝑃𝑙𝑙 𝑧𝑧𝑡𝑡Partial wave expantion 𝑧𝑧𝑡𝑡 = 1 +
2𝑠𝑠

𝑡𝑡 − 4𝑚𝑚2

Large energies 𝐴𝐴± 𝑠𝑠, 𝑡𝑡 = �
𝑖𝑖

𝛽𝛽𝑖𝑖
± 𝑡𝑡 𝛤𝛤 −𝛼𝛼𝑖𝑖

± 𝑡𝑡 1 ± e−𝑖𝑖𝑖𝑖𝛼𝛼𝑖𝑖
± 𝑡𝑡 𝑠𝑠𝛼𝛼𝑖𝑖

± 𝑡𝑡

Reggeons - baryon and meson trajectories

From ISR energies (20 GeV) and beyond (Pomeron trajectory)

𝛼𝛼ℙ 𝑡𝑡 = 1 + 𝜖𝜖0 + 𝛼𝛼′𝑡𝑡 𝜖𝜖0 = 0.08086

from phenomenology

𝜖𝜖0 = 0.096
old                                new
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Experimental data – differential cross section

full t range forward t range

5



Nuclear and Coulomb 
amplitude

Minimum model dependent phenomenology of forward scattering 6



Optical theorem

Ratio of real and imaginary amplitudes 

Usual slope definition                            

Nuclear and Coulomb 
amplitude

Forward quantities

Minimum model dependent phenomenology of forward scattering 6



Optical theorem

Ratio of real and imaginary amplitudes 

Usual slope definition                            

Differential cross section

Nuclear and Coulomb 
amplitude

Forward quantities

West-Yennie phase

Because      we have a different phase

where and

Minimum model dependent phenomenology of forward scattering 6



Optical theorem

Ratio of real and imaginary amplitudes 

Usual slope definition                              The measured slope is

Differential cross section

Nuclear and Coulomb 
amplitude

Forward quantities

Because      we have a different phase

and

West-Yennie phase

where

Minimum model dependent phenomenology of forward scattering 6



Forward scattering differential cross sections at several energies for 𝑝𝑝𝑝𝑝 and 𝑝𝑝𝑝̅𝑝 7



Particle Data Group total cross section representation

Dispersion relations 

Dispersion relations for 
amplitudes

with a common principal value integral                                                         with

Instead of PV  we use exact derivative dispersion relations (DDR)

We show a new representation of exact DDR 

Hurwitz Lerch transcendents 

conditions:    

even and odd amplitudes

8

E. Ferreira, A. K. Kohara and J. Sesma, Phys. Rev. C 97 (2018) 1, 014003

𝐹𝐹+ 𝑠𝑠,𝑢𝑢 = ⁄𝐹𝐹𝑝𝑝𝑝̅𝑝→𝑝𝑝𝑝̅𝑝 𝑠𝑠,𝑢𝑢 + 𝐹𝐹𝑝𝑝𝑝𝑝→𝑝𝑝𝑝𝑝 𝑠𝑠,𝑢𝑢 2
𝐹𝐹− 𝑠𝑠,𝑢𝑢 = ⁄𝐹𝐹𝑝𝑝𝑝̅𝑝→𝑝𝑝𝑝̅𝑝 𝑠𝑠,𝑢𝑢 − 𝐹𝐹𝑝𝑝𝑝𝑝→𝑝𝑝𝑝𝑝 𝑠𝑠,𝑢𝑢 2



Exact DDR for real amplitudes

Interesting properties of the transcendents 

PDG uses approximated DR forms of 

Exact form and PDG approximation

9

E. Ferreira, A. K. Kohara and J. Sesma; Frac. Calc. and App. Analysis, 23, 2 (2020)



Imaginary slope

Extension of forward imaginary amplitude of 
PDG

parametrized as

Parametrization of very low energy data for pp and ppbar

10



We write

11Dispersion Relation for slopes

No zero for ppbar Two zeros for ppbar



Linear t correction in forward scattering
12

𝑇𝑇𝐼𝐼𝑁𝑁 𝑡𝑡 =
1

4 𝜋𝜋 ℏ𝑐𝑐 2 𝜎𝜎 1 − 𝜇𝜇𝐼𝐼𝑡𝑡 e �𝐵𝐵𝐼𝐼𝑡𝑡
2

𝑇𝑇𝑅𝑅𝑁𝑁 𝑡𝑡 =
1

4 𝜋𝜋 ℏ𝑐𝑐 2 𝜎𝜎 𝜌𝜌 − 𝜇𝜇𝑅𝑅𝑡𝑡 e �𝐵𝐵𝑅𝑅𝑡𝑡
2

real and imaginary nuclear amplitudes

Experimental LHC/TOTEM data points at 7 and 8 TeV

𝑡𝑡𝑅𝑅 = 𝜌𝜌/𝜇𝜇𝑅𝑅

A. Martin, Lett. Nuovo- Cim. 7, 811 (1973)

Zero of the real amplitude goes to the origin faster than
the zero of imaginary part for large energies

A. K. K., E. Ferreira, T. Kodama and M. Rangel, Eur. Phys. J. C 77, (2017) 12, 877
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T8 analysis
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Totem data at 13 TeV

A. K. Kohara., E. Ferreira, and M. Rangel, Phys. Lett. B 789 (2019) 1-6

The first zero in the second plot is the interplay 
between real and Coulomb amplitude!!!



15Simple model for zeros, crossing and ‘scaling’

𝐹𝐹𝑁𝑁 𝐸𝐸, 𝑡𝑡 ~i𝐶𝐶𝐶𝐶 log2 𝐸𝐸 𝑓𝑓 𝜏𝜏 𝜏𝜏 = 𝑡𝑡 log2 𝐸𝐸Considering an scaled amplitude
Non-crossing symmetric

𝐹𝐹𝑁𝑁 𝐸𝐸, 𝑡𝑡 ~i𝐶𝐶𝐶𝐶 log𝐸𝐸 − i
𝜋𝜋
2

2
𝑓𝑓 𝜏𝜏′ 𝜏𝜏′ = 𝑡𝑡 log𝐸𝐸 − i

𝜋𝜋
2

2

Crossing symmetric amplitude

A. Martin, Lett. Nuovo Cimento 7 (1973) 811

Inspired in the above we define 𝐹𝐹∓
𝑁𝑁 𝑠𝑠, 𝑡𝑡 = 𝐹𝐹∓

𝑁𝑁 𝑠𝑠 𝑓𝑓 𝜏𝜏′ = 𝐹𝐹∓
𝑅𝑅 𝑠𝑠 + i𝐹𝐹∓

𝐼𝐼 𝑠𝑠 𝑓𝑓 𝜏𝜏′

𝑓𝑓 𝜏𝜏′ = e𝜏𝜏′ = e𝛺𝛺𝑅𝑅
′ 𝑠𝑠,𝑡𝑡 +i𝛺𝛺𝐼𝐼

′ 𝑠𝑠,𝑡𝑡

𝐹𝐹∓
𝑅𝑅 𝑠𝑠 = 𝑠𝑠 𝛽𝛽 𝑃𝑃1 + 2𝐻𝐻 log 𝑠𝑠 − 𝑅𝑅1𝑠𝑠−𝜂𝜂1 sin 𝜂𝜂1𝛽𝛽 ∓ 𝑅𝑅2𝑠𝑠−𝜂𝜂2 cos 𝜂𝜂2𝛽𝛽

𝐹𝐹∓
𝐼𝐼 𝑠𝑠 = 𝑠𝑠 𝑃𝑃 + 𝑃𝑃1 log 𝑠𝑠 + 𝐻𝐻 log2 𝑠𝑠 − 𝛽𝛽2 + 𝑅𝑅1𝑠𝑠−𝜂𝜂1 cos 𝜂𝜂1𝛽𝛽 ± 𝑅𝑅2𝑠𝑠−𝜂𝜂2 sin 𝜂𝜂2𝛽𝛽

𝛺𝛺R 𝑠𝑠, 𝑡𝑡 = 𝑏𝑏0 + 𝑏𝑏1 log 𝑠𝑠 + 𝑏𝑏2 log2 𝑠𝑠 − 𝛽𝛽2 + 𝑏𝑏3𝑠𝑠−𝜂𝜂3 cos 𝜂𝜂3𝛽𝛽 𝑡𝑡

𝛺𝛺I 𝑠𝑠, 𝑡𝑡 = − 𝑏𝑏1𝛽𝛽 + 2𝑏𝑏2𝛽𝛽 log 𝑠𝑠 − 𝑏𝑏3𝑠𝑠−𝜂𝜂3 sin 𝜂𝜂3𝛽𝛽 𝑡𝑡

A. K. Kohara, J. Phys. G: Nucl. Part. Phys. 46 (2019) 125001 
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QCD inspired model in the framework of 
Stochastic Vacuum model

Wilson loop is defined

loop-loop scattering amplitudes

18



Wilson loop expectation value

Stochastic Vacuum Model (SVM) framework:

Expanding the Wilson loop

SVM factorization

Dimensionless hadron-hadron amplitudes 

Hadrons wave functions

19

H. G. Dosch, Phys. Lett. B 190, 177 (1987) 

H.G. Dosch, E. Ferreira and A. Kramer, Phys. Lett. B 289, 153 (1992); 
Phys. Lett. B 318, 197 (1993) ;Phys. Rev. D 50, (1994)



Asymptotic forms at large b/a ,

Small and intermediate values of b/a need Gaussian form of

Suggested form                                                          with   

Real amplitude with the same form and different parameters

KFK t – space amplitude

Fourier transform gives analytical closed form 

with   

(a is the vacuum correlation lenght)

analytical integral

20

F. Pereira and E. Ferreira, Phys. Rev. D 55, 130 (1997)



Elastic differential cross section 

Real and imaginary amplitudes 

with 8 parameters to be determined at each energy. 

Energy dependence of KFK amplitudes

Optical theorem

Real/Imaginary

2
Real  and  Imaginary  slopes

KFK forward quantities

tri-gluon exchange

21

A. Donnachie, P. Landshoff, Zeit. Phys. C 2, 55 (1979); Phys. Lett. B 387, 637(1996).



1.8 TeV 
Two contradictory measurements

E-710:

CDF:

We compatibilize the analysis Prediction of a second dip 
due to tri-gluon exchange

22



pp at 52 GeV  (ISR-CERN)  and pp at 7 TeV (TOTEM-CERN) 23



Real and imaginary amplitudes 24



Energy dependence of parameters

Imaginary Real 

forward and integrated  quantities

pp inelastic cross section

simple logarithmic forms!

25



Predictions for LHC enegies (zeros, dips, bumps and ratios) 26



27
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Dispersion relations applied to KFK amplitudes at high energies

Double product from DDR

Double product from KFK

Collecting terms we obtain the correspondence

We compare the collected terms 
obtained for triple product

29



Connection with soft Pomeron

Total cross section in Pomeron framework

KFK total cross section

After a little algebra with

As far as   (KFK case                       )

and we write

same intercept of soft Pomeron 

with

30



b-space (geometric space) 
Fourier transform of KFK amplitude

with                                                               and

Eikonal formalism

The unitarity conditions imposes                                     or

Physical cross sections are written 

31



Monotonic results for elastic differential 'cross sections'

Unitarity constraint bound                         real amplitude 
32



Something is going on at 13 TeV 33

W. Broniowski, L. Jenkovszky, E. R. Arriola, I. Szanyi, Phys. Rev. D 98, 074012 
(2018); E. R. Arriola, W. Broniowski, Few Body Syst. 57 (2016) 7, 485-490; 
Phys. Rev. D 95 (2017) 7, 074030

E. Ferreira, A. K. Kohara and T. Kodama; Eur. Phys. J. C 81 (2021) 4, 290 



Extrapolating to high energies we have a travelling wave
34



...and this good behavior continues until asymptotic energies

as function of b has a long tail.

scaling variable definition

This scaled behavior was advocated by J. Dias 
de Deus a long time ago

35

A. K. Kohara, E. Ferreira and Kodama, Eur. Phys. J. C 74, 3175 (2014)



Analytical scaled form of KFK amplitude at high energies

Small t approximation

Expanding                                                     and  

The imaginary amplitude becomes

We truncate the parameters                                                to the largest log s power 

scaling variable definition                           

36



Scaled amplitude

37



p-air scattering 

I was going to a party,
but apparently it is over,
because everyone is coming

back.

Sr. ,where do you think 
you are going?

On the other hand...



p-air cross sections measurements in EAS (extended air showers)

b
siproton from cosmic ray

atom of atmosphere

p-air scattering 38



...considering the nucleus composed by uncorrelated nucleons distributed 
according to a s and p harmonic distribution density

b

38



forward amplitudes for pp elastic scattering

In terms of eikonal functions S-matrix in b space

Optical theorem

Analogous optical theorem for p-air

Glauber method introduces the p-A amplitude for A independent nucleons

Glauber framework 39R.J. Glauber, Phys. Rev. 100 (1955) 242–248 ; 
R.J. Glauber and G. Matthiae, Nucl. Phys. B 21 (1970) 135–157



Production cross section 

with

Diffractive intermediate states according (Good Walker framework with a 
parameter = 0.5 )

Parametrization of production cross section.

Nuclear density

40

M. L. Good and W. D. Walker, Phys. Rev. 120 (1960) 1857



Comparison with p-air cosmic ray data Influence of different slopes

Ratio of pp and p-air

41



p-air elastic scattering amplitude

p-air distributions: 

p-air in b- space

predictions

42



Comparison between p-air and pp
b-space amplitudes of pp and p-air

Ratio converges to asymptotic limits

Increasing of interaction radius with energy

Unitarity pp saturation Unitarity p-air saturation

43



Comparison of models

Bourrely Soffer and Wu (BSW)

High Energy General Structure (HEGS)

Dynamical Gluon Mass (DGM)

Eikonalized models:

Correspondence with KFK amplitudes

Normalizations

and

44

C. Bourrely, J. Soffer, T.T. Wu, Phys. Rev. D 19, 3249 (1979);
Nucl. Phys. B 247, 15 (1984); Eur. Phys. J. C 28, 97 (2003)

O.V. Selyugin, Eur. Phys. J. C 72, 2073 (2012)

E. G. S. Luna, A. F. Martini, M. J. Menon, A. Mihara, and A. A. Natale Phys. Rev. D 72, 034019 (2005); 
D.A.Fagundes, E.G.S. Luna, M.J. Menon and A.A. Natale , Nucl. Phys. A 886, 48 (2012)



Amplitudes, differential cross sections, zeros, slopes and predictions 45

E. Ferreira, T. Kodama, A. K. Kohara, D. Szilard, Acta Phys.Polon.Supp. 8 (2015) 1017



Some Questions

Is it possible to explain the dip structure without odderon?

Should be the scattering amplitudes unique?

Is it possible to constrain the effective proton shape as the energy 
increases?

Is there a region at large t where the differential cross section is 
energy independent?

Can QCD give us any hint of elastic scattering description?

46



Summary
 Disentanglement of real and imaginary scattering amplitudes                  

 Use of exact forms of derivative dispersion relations (PDG and KFK)

 Need to consider different slopes in forward scattering

 Predictions all the energies

 Non black disk behavior for asymptotic energies

 Scaling form for asymptotic energies

 Cosmic ray predictions

 Similarities between models shows the need of more attention

47



In honor of those who recently passed away and made important
contributions to the field

Prof. André Martin (1929 – 2020) Prof. Munir Islam (? – 2021)

Prof. Jorge Dias de Deus (1941 – 2021) Prof. Jacques Soffer (1940 – 2019)

Prof. Milos Vaclav Lokajicek (1923-2019)



Thank you!



Back up slides



Theoretical Framework

Wilson loop expectation value

Gluon correlators expectation value

wher
e

and are non-Abelian and Abelian contributions respectively

These functions must fall off with increasing z/a, where a is the correlation lenght defined
as

Amplitudes based on Stochastic Vacuum Model (SVM) framework where gluon condensate
and the correlation lenght play an important role.

gluon 
condensate
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