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INTRODUCTION

• “The confinement of coloured quarks inside hadrons provides perhaps the 
most dramatic example of quantum entanglement that exists in Nature.”

• Proton: entangled partonic system → possibly could explain:

• Thermal distributions in small systems

• Snowballs in hell

• Eigenstate thermalization hypothesis

• How to observe it?

• von Neumann entropy of IS → proxy: Shannon entropy of FS

• pQCD calculations with maximal entropy agrees with DIS data

• More data in proton-proton → What is the variable?
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Let’s consider on of the Bell states: =
1

2
ۧ| ↑ ↑ + ۧ| ↓ ↓ 

ENTANGLEMENT ENTROPY 3/17

• The full density matrix: 𝜌𝐴𝐵 =   

• Let’s trace-out 𝐵 : 𝜌𝐴 = 𝑇𝑟𝐵 𝜌𝐴𝐵 = ⋯ =
1

2
ۧ| ↑  ↑ + ۧ| ↓  ↓ =

1

2
𝕀2 = 𝜌𝐵

• Now, calculate the entanglement entropy: 𝑆 𝜌𝐴 = −𝑇𝑟 𝜌𝐴ln 𝜌𝐴 = ⋯ = ln 2

• In general, for states in 𝑛-dimensional Hilbert space ℋ : 𝑆𝑚𝑎𝑥 𝜌 = ln dim ℋ  .

• Equivalent to the Gibbs – Boltzmann entropy definition



• Collision: sampling

• Observable: final state 
distribution of charged particles

• Maximally entangled: 
partonic microstates have equal 
probability

• pQCD agrees with HERA DIS data

conjecture: 𝑆𝑝𝑎𝑟𝑡𝑜𝑛

𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑠𝑡𝑎𝑡𝑒

= 𝑆ℎ𝑎𝑑𝑟𝑜𝑛

𝑓𝑖𝑛𝑎𝑙 𝑠𝑡𝑎𝑡𝑒

INITIAL STATE ENTANGLEMENT 4/17

𝑥

𝑃 𝑁  ~ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(𝑁)

𝑆 = ln 𝑁 𝑥, 𝑄2 = ln
2

3
𝑥𝑞 𝑥, 𝑄2 + 𝑥𝑔 𝑥, 𝑄2
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• Principle of maximal entropy can 
be applied (later)

• Technical: how the rapidity 
defined in experiment?

• 𝑃(𝑛) measured

• moving rapidity window 
(LHCb, H1)

• opening rapidity window 
(ALICE, CMS, STAR)

• Cross-experimental comparison
𝑺 𝒍𝒏 𝒏

• Calculable directly from data

• ln 𝑛 = ln σ𝑛 𝑛𝑃 𝑛

• 𝑆 = − σ𝑛 𝑃 𝑛 ln 𝑃 𝑛

FINAL STATE DISTRIBUTION

Illustrations:  Anita Czinder
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PRD110(2024)8,085011

K. Kutak @ Bialasowka

• 1 D Mueller model, branching partons, no recombination

𝜕𝑦𝑃𝑛 𝑦 = −𝛼𝑛𝑃𝑛 𝑦 + 𝛼 𝑛 − 1 𝑃𝑛−1(𝑦)

• Solution: 𝑃𝑛 𝑦 =
1

𝐶
𝑒−𝛼𝑦 1 −

1

𝐶
𝑒−𝛼𝑦

𝑛−1
 ← geometric distr.

• Single fluctuating source produces particles in multiplicative cascade 

• 1D generalized dipole model (PRD110(2024)8,085011)

𝜕𝑦𝑃𝑛 𝑦 = −𝛼(𝑛 + 2ℎ)𝑃𝑛 𝑦 + 𝛼 𝑛 − 1 + 2ℎ 𝑃𝑛−1(𝑦)

• Solution: 𝑃𝑛 𝑦 =
Γ 2ℎ+𝑛

𝑛!Γ 2ℎ

1

𝐶
𝑒−𝛼𝑦

2ℎ
1 −

1

𝐶
𝑒−𝛼𝑦

𝑛
 ← NBD

• Superposition of many fluctuating particle sources, semi-independent cascades

• New parameter ℎ conformal weight of SL(2,C)  (see the details in K. Kutak @ Bialasowka)
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OBSERVABLES FROM THE MODELS

• ℎ introduce NBD shape

• More general than the

Mueller model

• 𝑆 ln 𝑛  can be calculated

and compared to data

• For now, it’s 𝑝𝑝 from

200 GeV – 13 TeV
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8/17DATA COMPARISON

• Data from 200 GeV to 13 TeV

• With different

• 𝜂 definitions

• distribution support (i.e. statistics)

• Observable: 𝑺(𝐥𝐧 𝒏 )

• Deviation from the Mueller case 

at low multiplicities

• General model describes the 

data (no recombination!)

• Both converge to the maximal 

entropy case

PRD112(2025)9, 096017

ℎ = 0.92 ±0.05 
𝛼 = 0.32 𝑓𝑖𝑥𝑒𝑑  

Τ𝜒2 𝑁𝐷𝐹 = 24/63 

https://journals.aps.org/prd/abstract/10.1103/23wn-66np


ORIGIN OF NBD?

• Apply maximal entropy principle:

• Probability distr. with maximum entropy and fixed mean: geometric distribution

• Indistinguishable particles, combinatorial structure: Poisson distribution

• Event activity fluctuations: mean Poisson multiplicity is not constant but 𝑔 𝜇

• Apply MaxEnt on 𝑔(𝜇) with fixed logarithmic moment: Gamma distribution

• Poisson–Gamma mixture:

𝑃 𝑛 = න
0

∞

𝑃 𝑛 𝜇 𝑔 𝜇 = න
0

∞ 𝜇𝑛𝑒−𝜇

𝑛!
⋅

𝜇𝑘−1𝑒−
𝜇
𝜃

Γ 𝑘 𝜃𝑘
=

Γ 𝑛 + 𝑘

Γ 𝑘 Γ 𝑛 + 1

𝑘

𝑘 + 𝑛

𝑘
𝑛

𝑘 + 𝑛

𝑛

• Event activity fluctuations → NBD and 𝑘 =
𝑛

2

𝑉𝑎𝑟 𝜇
 measures the relative strength

• How to disentangle the effects?
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LIMITS OF NBD

EPJC 85 (2025) 1215

• 𝑘 → 0+: extreme broad distribution 𝑉𝑎𝑟 𝑛 → ∞

• 𝑘 = 1 :

• reduces to the geometric distribution

• single fluctuating particle cascade

• 1 < 𝑘 < ∞ : most general case, 𝑉𝑎𝑟 𝑛 = 𝑛 +
𝑛

2

k

• superposition of particle clusters (clan model)

• 𝑘 → ∞ : limiting case when 𝑔 𝜇 → 𝛿 𝜇 − 𝑛  , 𝑉𝑎𝑟 𝑛 = 𝑛

• Independent particle emission, no clusters or correlations

• General equations with saturation have solutions in NBD form EPJC 85 (2025) 1215

• How’s about it in smaller systems like DIS?
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LIMITS OF NBD

EPJC 85 (2025) 1215

• 𝑘 → 0+: extreme broad distribution 𝑉𝑎𝑟 𝑛 → ∞

• 𝑘 = 1 :

• reduces to the geometric distribution

• single fluctuating particle cascade

• 1 < 𝑘 < ∞ : most general case, 𝑉𝑎𝑟 𝑛 = 𝑛 +
𝑛

2

k

• superposition of particle clusters (clan model)

• 𝑘 → ∞ : limiting case when 𝑔 𝜇 → 𝛿 𝜇 − 𝑛  , 𝑉𝑎𝑟 𝑛 = 𝑛

• Independent particle emission, no clusters or correlations

• General equations with saturation have solutions in NBD form EPJC 85 (2025) 1215

• How’s about it in smaller systems like DIS? More data?

PRELIMINARY
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PROSPECTS FOR ALICE

• 𝑝𝑝 is not the best system, DIS is not available in LHC

• UPC is the best candidate in ALICE, a good job for FIT

• Analysis is ongoing, stay tune for the results

• But until then…
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HIGHER ENERGIES? PIERRE AUGER OBSERVATORY!

• Ultra high energy 

cosmic rays in the 

hundreds of Eev 

range

• 𝑠𝑁𝑁 ≥ 200 TeV 

fix target

• Systems: 

𝑝𝑝, 𝑝𝐻𝑒, 𝑝𝑁, 𝑝𝐹𝑒

• Shower (cascade) 

develops in the 

atmosphere

13/17



PRELIMINARY STUDIES AT 200 TEV

• Observable: the place of the maximum development 𝑋𝑚𝑎𝑥

• Rapidity is not reconstructable

𝑋𝑚𝑎𝑥

PRD90 (2014) 12, 122005

𝑓𝐺𝐻 𝑋; 𝑋𝑚𝑎𝑥 , 𝑋0, 𝜆 =
𝑑𝐸

𝑑𝑋
𝑚𝑎𝑥

𝑋 − 𝑋0

𝑋𝑚𝑎𝑥 − 𝑋

𝑋𝑚𝑎𝑥−𝑋0
𝜆

𝑒
𝑋𝑚𝑎𝑥−𝑋

𝜆
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PRELIMINARY STUDIES AT 200 TEV

• Modelling initial multiplicity with full MC or simple model

Let’s assume:

•
𝑑𝐸

𝑑𝑋
(𝑋) ∼ 𝑁 𝑋  and 𝑋 ≪ 𝑋𝑚𝑎𝑥

• Ignore the compositeness of the measured distribution

• From 𝑓𝐺𝐻 𝑋; 𝑋𝑚𝑎𝑥, 𝑋0, 𝜆 approximate 𝑁0

PoS(ICRC2025)416

• 𝑋𝑚𝑎𝑥 ∼ 𝐺𝑢𝑚𝑏𝑒𝑙 𝜇, 𝛽

• Composite

• Understood based on MC

• Distr. pars energy 

dependent

Thanks to Kevin Almeida Cheminant
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HIGHER ENERGIES? (PRELIM!)

PRELIMINARY

• Reconstruct the initial 

multiplicities from Gumbel-𝑋0 

distributions as

𝑁0 ≈ 𝑁𝑚𝑎𝑥𝑒−𝑋𝑚𝑎𝑥

• Handy observable: 𝑆 𝑙𝑛 𝑛

• Next: more careful modelling 

with dedicated MC
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SUMMARY AND OUTLOOK

• Final state entropy might be related to initial state entropy

• Models can describe data from 𝑒𝑝 and 𝑝𝑝 based on entanglement picture

• New observable: 𝑆(ln⟨𝑛ۧ) described in 𝑝𝑝 by a general dipole model

• Plan to extend the studies

• Available DIS data (H1 and even earlier), clarify the meaning of the ℎ

• Include recombination effects into the general model

• Compare the model to ultra high energy cosmic ray data

• Open question: heavy ion, more complex systems? ETH?

THANK YOU FOR YOUR ATTENTION!
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