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THE DRELL-YAN PROCESS AS A PROBE OF THE HADRONS STRUCTURE

Hy(P1) + Hy(P2) — V*(q) + X(px) — € (1) + €7 (1) + X(px)

A (Hle — l+17X) = E(ll)ieF"‘,v(lz)DV(q)W <X’l€]l‘//‘H1H2>

: . . do AR a2
The differential cross section: dVEANdY ey = 15875 — 8%

Dy (M?) (ZWWUW

L* - Standard QED calculation
W, - Sensitive for an internal hadron structure
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STRUCTURE FUNCTIONS ARE MEASURABLE SOURCE OF INFORMATION
ABOUT HADRONS

The lepton angular decomposition is usually parameterized in the following way

do
dM2dYd?qrdQ

1 1
o |1+ cos? 9 + EAO (1 — 3 cos? 19) + Aqsin (29) cos ¢ + EAzsim2 ¥ cos (2¢)

+ Assin ¥ cos ¢ 4+ Agcos 9 + Assin® 9sin (2¢) 4 Agsin (209) sin ¢ + Azsin 9 sin ¢ |,
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the only contribution for v*
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STRUCTURE FUNCTIONS ARE MEASURABLE SOURCE OF INFORMATION
ABOUT HADRONS

The lepton angular decomposition is usually parameterized in the following way

the only contribution for v*

do
dM2dYd?qrdQ

1 1
o |1+ cos?d + EAO (1 — 3cos? 19) + Aqsin (29) cos ¢ + iAzsinz 9 cos (2¢)

+ Assin 9 cos ¢ 4+ Agcos ) + Assin® 9 sin (2¢) + Agsin (209) sin ¢ + Azsindsin ¢ |,

present for 70 and W

where the structure functions are given by the polarized cross sections

2do(00) de(9 + do(®H) — do(=0) — do(0-) do™=) 4 do(=1)
Ao =i 1= J2dgUtL o M=
do*0 4+ do®t) + do(=0 + do©-) dot1) —do(—)
A3 :\fZCl doU+L ) A4 = 2Cl doU+L )

with

2
do.LPrL — Z da(rr)’ o = 2Ulfllz )
re{0,+,—} ur T



THE STRUCTURE FUNCTIONS CAN BE CALCULATED IN QCD

Factorization:
o(Hi+Hy >+ +X)=> F®F ® Ga+b— 0+ +X)
> . . a,b Part Distributi . . clos .
Hadronic cross section arton Distributions  Partonic cross section within the perturbative QCD
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THE STRUCTURE FUNCTIONS CAN BE CALCULATED IN QCD

Factorization:
o(Hy+Hy =0+ 07+ X) =) ReF  © Ga+b— 0+ +X)
Hadronic cross section b Parton Distributions  Partonic cross section within the perturbative QCD
1 1 )
Ly Z /0 dxifs (xl, u%) /0 dxofy (xz, u%) d&tgzr) Collinear factorization
do

d d? /
Ly Z/ dx1 /d plT]—"a xl,plT,,uF / xz/ pZT}"b (xz,pZT,,uF>d6b(r) kr-factorization
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THE STRUCTURE FUNCTIONS CAN BE CALCULATED IN QCD

1 1
Z / dxifa <x1, ,u%) / dxofy (xz, ,U/IZ:) déy Collinear factorization

/ dX1 /d plea xlaplTa.“F / dxz/dpszb <x27p2TaMF> day, kr-factorization

do

Collinearly: p; = x1P1, p2 = x2P»
High-energy: p1 = 1Py + pi1, p2 = X2P + par with pf = —pip, p3 = —pir

Collinear — kr-factorization relation:

do* BP0 g5

xf, (x, u2> - /0 g d3F, (x, K, uz).



THE LAM-TUNG RELATION BREAKING IS NOT COMPLETELY EXPLAINED

» The Lam-Tung relation is of the form:
|Apr = Ag — Ay = 0. |
» Fulfilled up to the NLO (for V+jet) in collinear perturbative QCD

» Breaking of Lam-Tung relation may be traced back to a difference between partonic and
hadronic collision planes — sensitivity to partons’ transverse momenta

025 . = 02— .
F F ATLAS 3 3 F ATLAS 3
= i C i
0.2 g Tev, 20.3 i 1 3 015t g Tev, 20.3 ™ s
0 15:_ —e— Data + —+ .,.,-I(Q 0 1:_ Data B
" TF  —&— DYNHLO (NNLO) ++ - ' " —3— DYNNLO (NNLO) 7
F —+— POWHEG+MINLO Z+j + ] = E —+— POWHEG+MINLO Z#] 4
0.1 — 8 0.05= —
- e £ = ]
005E 3 3 O et =
c : ] < c Balah' " 7
—m— T S - < _ — ]
U: :?: ] 0.05: #ls, ﬂ 1
oosE—t+— = y= ot -+ 13
_0_1.:.....| R 1 el R _0_15?.....| RN RN L n

1 10 10° 1 10 10°
pZ [GeV] p% [GeV]



MOTIVATION FOR INCLUDING THE PARTONS” TRANSVERSE MOMENTA

Consider the cross section with one off-shell parton

do = / dx1f<x1, uz) / s / O:;"%Tf(xz,kz, ,ﬂ)|q>|2dps.

The impact factor @ is related to the collinear amplitude A by

d kr\*
/ f|<1>\2~9(u2—k%)|Ac011\2k%+0((;) )

- — u=qr=4.GeV
— u=qr=4. GeV — u=q7=8. GeV
— L=gr=8. GeV — u=qr=16. GeV
— M=q7=16. GeV o~
= =
g g
ol S._Nl-
S| E S| E
bﬁ hﬁ
0.1 05 1 5 10 50 0.1 05 1 5 10 50

k7 [GeV] kr [GeV]
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MOTIVATION FOR INCLUDING THE PARTONS” TRANSVERSE MOMENTA

T

/dxlf X1, W /dXQ/—.F(Xz, Ts )\(I)]ZdPS

Z l=q;=4. GeV
— p=qr=4. GeV — W=qr=8. GeV
— L=gr=8. GeV — u=qr=16. GeV
— M=q7=16. GeV o~
= =
g g
ol S._le
S| E S|
— —
0.1 05 1 5 10 50 0.1 05 1 5 10 50
kr [GeV]

kr [GeV]

/dgo|(1>0|2 x 2 /d¢yq>LT\2 Kt




kr-FACTORIZATION APPROACH

» We want to take into account the effects of partons’ transverse momenta = kr-factorization
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kr-FACTORIZATION APPROACH

» We want to take into account the effects of partons’ transverse momenta = kr-factorization

» The leading contribution comes from the gluons

* ok =1/ Va*—>V*
§'g" — qav a1

XX X
NI

kr-factorization

Hybrid factorization



SCATTERING AMPLITUDES FROM THE SPINOR - HELICITY FORMALISM

Example diagram:

Py

ko Pa

From the expression for full diagram

Aub,u — _igZ <TuTb>ijAu

ij,U30‘4 03047

we can extract the spinorial part

Aty =T, ()P AT 2 P ) = [7]
2

o
where

I, = (v +ays)Y",
which can be divided into left and right chiral parts

Al = (w+a)RE . + (v—a)Lt

0304 0304 0304



THE SPINOR - HELICITY FORMALISM

We introduce the spinorial notation

Lo w AA ;L—AA
Paa = Pud 4 p=pio,
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Dirac bispinors u, and v,, are defined as



THE SPINOR - HELICITY FORMALISM

We introduce the spinorial notation

. . 0 pu
Paa = PuUZAa pih = PMUﬁA — p=pu" = [pAA SA]

Dirac bispinors u, and v,, are defined as
ui(p) =1[pl=[Ap* 0], u_(p)=p =1[0 Ap)il.

0
oup) == MO o= = L(mA] .

in order to satisfy the Dirac equation and such that they have specified helicity (chirality)

]lzt’}/5

Pylp)=1|p), Pylp)=0, P_|p)=0, P_|p]=1p],  wherePs = 5 (1)




THE SPINOR - HELICITY FORMALISM

We introduce the spinorial notation
o A uzhd i | O Paa
Paa = Pu0 4, p =po, = P=puY" = | aa 0

Dirac bispinors u, and v,, are defined as
ui(p) =1[pl=[Ap* 0], u_(p)=p =1[0 Ap)il.

0
oup) == MO o= = L(mA] .

in order to satisfy the Dirac equation and such that they have specified helicity (chirality)

]lzt’}/5

Pylp)=1|p), Pylp)=0, P_|p)=0, P_|p]=1p],  wherePs = 5 (1)

A lot of products vanish automatically

Pyt A pa] = lpr (2™ A" [p2) = 0= (pi]y™ . A p2) = [pr[A™ A o], (2)

if n is even.



SCATTERING AMPLITUDES FROM THE SPINOR - HELICITY FORMALISM

Example diagram:

P, From the above identities

(1) — RE_=0=1L"_,

2 =  RYL=R_=0=I%, =L"_

= We are left with two non-vanishing terms:
’ RY and L _.
51

ko Pa



SCATTERING AMPLITUDES FROM THE SPINOR - HELICITY FORMALISM

Example diagram:

P, From the above identities

(1) — RE_=0=1L"_,

2) = RE, =R_=0=LH =L"_.
= We are left with two non-vanishing terms:
’ RY and L _.
(41 q
I”Z —+ ={P3 1,2 +7 02 2 | pal
1 2

|- E el

22 [+ +
U303/ P3 Py

ko Pa



SYMMETRIES SIMPLIFY CALCULATION

Spinorial products satisfy the following identities

[p1| T+ [p2) = (p1 [ Tx | p2l, [p1| T+ [p2] = — (p1|T'x|p2).

where I';. —any composition of the gamma matrices and one of the projections P-..



SYMMETRIES SIMPLIFY CALCULATION

Spinorial products satisfy the following identities
P1IT|p2) = (pr[Txpal,  [p1 [T |pa] = = ([Txlp2)-

where I';. —any composition of the gamma matrices and one of the projections P-..

This leads to the relations between left and right chiral amplitudes

TH Sk TH Sk
R, =T, , 1" =R{_, R‘_=-TI%,, " =-R.,



SYMMETRIES SIMPLIFY CALCULATION

Spinorial products satisfy the following identities

p1 1T+ [p2) = (p1| 5 | p2l, p1 T+ [p2] = — (p1ITx(p2)-

where I';. —any composition of the gamma matrices and one of the projections P-..

This leads to the relations between left and right chiral amplitudes

TH Sk TH Sk
R, =T, , 1" =R{_, R‘_=-TI%,, " =-R.,

= |1 independent expression for each diagram




THE CONSIDERED GLUON TMD MODELS

» The Gaussian model

» The Jung-Hautmann (JH) model

» The Kimber—-Martin—Ryskin (KMR) model

» The “Weizsdcker—Williams” (WW) model (in analogy with photon flux) + modified
“Weizsacker-Williams” (WW’) model



THE CONSIDERED GLUON TMD MODELS

» The Gaussian model — GBW saturation model
A2
2\ _ 7 X kg
Fc (x,kT> = Ny(1—x)"exp [— <xo> k%] ,
with parameters kg = 1 GeV, N, = 28.44 GeV 2, A = 0.29 and xo = 3 - 107*.
» The Jung-Hautmann model

» The Kimber-Martin—Ryskin model

» The “Weizsiacker—Williams” model + modified “Weizsiacker—-Williams” model



THE CONSIDERED GLUON TMD MODELS

» The Gaussian model
» Jung-Hautmann (JH) model — Catani-Ciafaloni-Fiorani-Marchesini (CCFM) evolution

equation - 3 versions from different fits (2013, 2018, 2023) from TMD11ib.
[arXiv:1312.7875v2,arXiv:1804.11152v2, arXiv:2312.08655v3]

-F(x7kTa ) fO(x anU/O M?,UO / / ,u Z‘] (M7Zq)P(Zaq7kT)F<§7kT + (1 - Z)%,U),

where the Sudakov form factor is of the form

w32 1-v/a ¢ 1 — 2)242
As(u,u’)=eXp[—/ dq/ g Caos((-2)%%) 1 ]
ju 0

2 q? 7r 1-z
and P(z, Q, kr) is the unintegrated splitting function.
» The Kimber-Martin—Ryskin model

» The “Weizsiacker—Williams” model + modified “Weizsiacker—Williams” model


https://arxiv.org/abs/1312.7875v2
https://arxiv.org/abs/1804.11152
https://arxiv.org/abs/2312.08655

THE CONSIDERED GLUON TMD MODELS

» The Gaussian model
» The Jung-Hautmann model

» The Kimber-Martin—Ryskin model

Ty(kr, 1) o5 (k3) 1/ Grtn) X, [/x X, (X
2 2\ _ ‘tgl\kTy T X (X Ao (A2
]:KMR<x’kT7M ) =T R o /x dz ng(Z)ng(z,k%> + Eq :ng/(z)zfq<zva) )
with the Sudakov factor of the form

1 dp? J(p?) [H/ Pt
To(Q, ) = exp |: /Qz ;;052(7?; ) /O dzz (ng(z) + qug(z))] ;
q

where Pjj(z) are the DGLAP splitting functions and f;(x, ©?) are the collinear PDFs.

» The “Weizsiacker—Williams” model + modified “Weizsiacker—-Williams” model



THE CONSIDERED GLUON TMD MODELS

» The Gaussian model
» The Jung-Hautmann model

» The Kimber-Martin—Ryskin model

» The “Weizsdcker—Williams” model (in analogy with photon flux)

1
N, _
Fww <x,k%) = k—z(l —x)x x k3

The modified “Weizsidcker—-Williams” model

2
Fhow (x,kgr’/f) - K2 [ifi(fz;(%ﬂ )
0

k5
K

I3 < k3

B>k

k3 < k3

K>k

where f, (x, 4?) is gluon PDF and the parameters have values Ny = 0.6111, ko = 1 GeV and

A =0.29.



THE CONSIDERED GLUON TMD MODELS

» The Gaussian model

Fe (xk%) = No(1 - x) exp [— (x >

X0

» The Jung-Hautmann model
» The Kimber-Martin—Ryskin model

» The “Weizsdcker—Williams” model

1
N
Fww (x,K3) = —21(1 —x)x™ x k3
k5 2
T

+ modified “Weizsicker—Williams” model.

A k%
K

Kt

2

] — Narrow in kr
<K

— Wide in k
. k% ide in k7



NORMALIZATION TO THE TOTAL DRELL-YAN CROSS SECTION

Problem: Some models do not describe the Drell-Yan cross-section data well.

Phenomenological solution: Normalization + x rescaling (Motivated by different kinematics in the
collinear and non-zero kr approaches)

We considered three modifications of KMR and WW’ models of the form

FO (,@ K2, ,ﬁ) = N<1>f(x, Kz, uz),
F@ <x7 K2, ,}) = N<2>f(x/2, K, u2>,
At (x, K2, MZ) = N<3>f(x/4, K, uz)-



NORMALIZATION TO THE TOTAL DRELL-YAN CROSS SECTION

% ‘ L ATLAIS data % ...... ‘ L ATL/;S data
Q - (1) Q
S 100} e 5 100;
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RESULTS FOR THE PARITY CONSERVING STRUCTURE FUNCTIONS: Aj
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RESULTS FOR THE PARITY CONSERVING STRUCTURE FUNCTIONS: A,

. ATLAS data T | . ATLAS data
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RESULTS FOR THE PARITY CONSERVING STRUCTURE FUNCTIONS: A;r
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RESULTS FOR THE PARITY CONSERVING STRUCTURE FUNCTIONS: A,
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RESULTS FOR THE PARITY VIOLATING STRUCTURE FUNCTIONS: Az
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RESULTS FOR THE PARITY VIOLATING STRUCTURE FUNCTIONS: A4
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COMPARISON OF THE RESULTS FOR DIFFERENT TMD MODELS

REDUCED X2 FOR THE STRUCTURE FUNCTION DATA

Npoints th —
1 pon (An,i A

x2/d.o.f =

N
points i=1

Xoin/d.0.f = min {X2/d.o.f} ~

p )
Oidata T Tith

2.50

where 0y, =0.12- A;}}i.

4
1
2 2
where  x“/d.o.f = 5 nEO Xa/d.o.f.



COMPARISON OF THE RESULTS FOR DIFFERENT TMD MODELS

REDUCED /)(2 FOR THE STRUCTURE FUNCTION DATA

2
1 Npoints ( AE}: _ Adata)

n,i

x2/d.o.f = where Oith = 0.12- A;}}i.

: 2 )
Npoints 4= 07 gata T Tith

4
1
X3in/d.0.f = min {XZ/d.o.f} ~112.50 where x?/d.of= 2 Z x3/d.o.f.
5 n=0

x?/d.o.f for the structure function data:

Model | WW WW®DH  ww® ww® KMRD KMR® KMR® JH2013 PB2018 PB2023 Gauss.

x?/d.of | 3.83  4.50 2.84 2.50 4.34 3.02 2.78 291 4.77 4.28 5.56
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COMPARISON OF THE RESULTS FOR DIFFERENT TMD MODELS

REDUCED /)(2 FOR THE STRUCTURE FUNCTION DATA

2
1 Npoints ( AE}I _ Adata)

n,i

x2/d.o.f = where Oith = 0.12- A;}}i.

: 2 )
Npoints 4= 07 gata T Tith

4
1
X3in/d.0.f = min {XZ/d.o.f} ~112.50 where x?/d.of= 2 Z x3/d.o.f.
5 n=0

x?/d.o.f for the structure function data:

Model | WW WW®DH  ww® ww® KMRD KMR® KMR® JH2013 PB2018 PB2023 Gauss.

x?/d.of | 3.83  4.50 2.84 2.50 4.34 3.02 2.78 291 4.77 4.28 5.56

X%T’min/d.o.f = min {X%T/d.o.f} ~

Model | WW®  KMR® JH2013 Gauss.
2r/dof | 143 4.02 737 2533

N
P



COMPARISON OF THE TMD MODELS

Fx, k7, 14)

F(x, kT, 1)

TMDs for x = 0.0001

TMDs k7 dependence at u=120 GeV

TMDs for x =0.001

— W3
——- KMR!¥

—-- |H2013
------ Gaussian

kr [GeV]
TMDs for x=0.1

— W3
——— KMR!3

—-- JH2013
------ Gaussian

2 3
10 — ww'3 1 e,
""""" - (3) 3
1ot ] KMR D —
....... —-- JH2013
----- Gaussian = 3
107 <]
£
-1 % I
10 , [ i
1 4
i i
1072 4 H !
I 3 1)
s | : 3 ] i
1077 1 t —— S WY - =
kt [GeV]
TMDs for x=0.01
................ (3) _: PET
101 ] —ww
-—- KMRY ] :
10° 4 —-- JH2013 ] e :
, : """ Gaussian '5: _5 '.'
1071 4 e [ P .
1 i
102d oo ) é 1
1073 4 -
1074 3 3
T T T T Raas T
101 100 101 102 1071 100

kr [GeV]

10!
kr [GeV]



COMPARISON OF THE TMD MODELS

Fix, kr, M)

Fix, kr, M)
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TMDs x dependence at u =120 GeV
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SUMMARY
» The Drell-Yan process is an excellent probe of internal hadron structure: five non-vanishing
structure functions, three kinematical variables dependence (g7, Y, M?).

» Wide in kt Weizsdcker-Williams TMD model, among the models we considered, was found to
give the best overall description of the data within the presented formalism.

» In particular, an even better description was found for the Lam-Tung combination.
» We continue the program of constraining gluon TMD with Drell-Yan observables by:

e fitting TMD to a wider set of data,
® extending the formalism to include off-shell quarks,

® A future goal: Inclusion of the NLO corrections in kr-factorization

N
N
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ADDITIONAL MATERIAL



LEADING DIAGRAMS

LIPATOV EFFECTIVE VERTEX

LS K
PRI
g
==
K K

KK
KK
bt

V

K%w

nnnnnnnnnn
0000000058

0000000000
A

2 2k2 21(2
e = < [(xl + x;ST> P} + (xz + xg) Py — (kir — sz)“] PPy



RELATIONS BETWEEN COLLINEAR AND HIGH ENERGY CHANNELS

The gyag™ — qV channel

» contains § — g LO DGLAP splitting for gy,9 — V matrix element and the NLO ¢ — qV
contribution.

» neglects the NLO loop corrections for g5 — V.

The g*¢* — qqV channel
» contains § — gsea, § — § NLO DGLAP splittings for the gsead — V matrix element
» and g — gsea, § — 9 LO DGLAP splittings for gseag — qV and gg — gV respectively.
» contains the leading contribution to the NNLO collinear gg — g7V matrix element.

» neglects the loop corrections for gseag — g9V, q¢ — gV and q9 — V.
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RELATIONS BETWEEN COLLINEAR AND HIGH ENERGY CHANNELS

(b) N
(@) § — gsea splitting
(b) g — 7 splitting
() § = gsea and g — 7 splittings
(d) g — g splitting
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PROOF OF THE BISPISNOR PRODUCTS IDENTY

The charge conjugation acts in the following way

cv=C {"ﬂ B [Xﬁ] —3',  satisfes:  (P=1, Cy"C=7", CyC=1s,
X n

and is anti-linear. Now we will define another anti-linear operator
Q = C, which satisfies 0% = -1, oy o l= Y O o l= —s.

For any two bispinors we have that

Q1 Qy = 1t
It can be directly shown that Q|p] = |p), Q |p) = —|p|, and in consequence

P3| T | pa) =|p3)T [pa) = Qlps|T'Qlpal = Qlps] QU|pa] = |pa]T|pa) = (p3 | ' | pal, P3| T | pa] = — (p3|T|pa)-

Q exchanges the projections QP+ Q™! = P, so

P3| Tx | ps) = QlpsIT+ Qlps] = Qlps] QT x|pa] = (p3| '+ [ pal, P3| Tx | pa] = — (pa|Tx|ps)-



THE AMPLITUDES SQUARED

Full amplitude A* is given by the sum of all diagrams.

» For the qy,8* — qV*, there are two diagrams with the same color structure, which gives the
amplitude
At = A+ AY = —igTy (AL + AY),

so the amplitude square is

y g2
MHF NRETT) ZA“A = A“A
7]11

» For the g*¢* — qqV*, the amplitude can be decomposed into symmetric (S) and antisymmetric
(A) parts in the adjoint color indices

8
A = ZAZ‘ = A + Al where = —ig? ( 5“b5 + d”bCTf]) AL, AL = ng”bcTC-Aﬁ.
n=1
In the amplitude squared, the symmetric and antisymmetric parts in the adjoint color indices
do not interfere:
4 NZ 2 4N —
MW = ——— Z AR =S T ( ) ARAG + s ALA, = MEY + MY

(N2 - 17 o, 2N (N2 —1) 2(N2—1)
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THE AMPLITUDES SQUARED
COMPARISON WITH THE TRACE METHOD

The spinorial matrix 2}, appearing in the amplitude A}, is defined by:
Ay = Ty (P3)2n Vo, (pa)-

In an analogous way we define the matrices 2, 2.
The amplitudes squared can be computed as traces

> g Sl () 2 1y ) ),
M =y (e ) 4 1 )

Using the trace formulas one can check numerically the helicity structure functions of the form
Moy = D Mz,

where r, 7’ € {4, —, 0} are basis polarizations of V*.
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THE CUTTED CROSS SECTIONS

From the obtained squared amplitudes one can derive the polarized cross sections by integrating
over the phase space with the parton distributions.

> Jvag* — qV*

dar?yvzalg dr 2 2 2 (vas")f
dM2dYd?qr Z/dxqpfval xq,up) /szT}—(xg’kT’“F) (87)2x,(1 — xp)e s

> g*g" = qqV*

darlrz dle 2 2 d*kor 2 2\ (2m)*  (grgr) dzdy
szdequ /dX1/ Tk 1T (xlalenuF)/de/ ﬂ_k%T}—(xZakZTa,uF) 25 Mrlrz 8(27’1’)9




REDUCED XZ FOR THE RESULTING STRUCTURE FUNCTIONS

2
Nooint th _ adata
points (Anj An’i >

2 _
X,/d.of = N S
points 4 i,data ith

where o = 0.12- Al

4
X2n/d.0.f = min {Xz/d.o.f} ~ 250  where x?/d.o.f = E Z x2/d.o.f.
5 n=0

Model | WW®  KMR® JH2013 Gauss.
X3/ Xem | 0.84 1.26 052  0.82
/X2 | 015 1.10 098  0.70
G/ | 1.29 0.27 156  4.35
B/l | 1.34 1.78 240 055
G/ | 1.39 1.15 035  4.70

The ratios of x* per degree of freedom of each structure function (x?2) for each TMD model to the minimal
global reduced x> — 2.,
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